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We revisit the issue of Lagrangian irreversibility in the context of recent results [Xu, et al.,
PNAS, 111, 7558 (2014)] on flight-crash events in turbulent flows and show how extreme events
in the Eulerian dissipation statistics are related to the statistics of power-fluctuations for tracer-
trajectories. Surprisingly, we find that particle trajectories in intense dissipation zones are dominated
by energy gains sharper than energy losses, contrary to flight-crashes, through a pressure-gradient
driven take-off phenomenon. Our conclusions are rationalised by analysing data from simulations
of three-dimensional intermittent turbulence, as well as from non-intermittent decimated flows.
Lagrangian irreversibility is found to persist even in the latter case, wherein fluctuations of the
dissipation rate are shown to be relatively mild and to follow probability distribution functions with
exponential tails.
The significant advances in Lagrangian techniques, es-
pecially in experiments, over the last couple of decades,
have allowed us to revisit some of the more fundamen-
tal aspects of fully developed, statistically homogeneous,
isotropic three-dimensional turbulence [1]. These in-
clude the ideas of irreversibility and intermittency which
form the two cornerstones for an Eulerian description
of such flows. Indeed, intermittency effects, which en-
sure that the Kolmogorov description for turbulence is
not exact [2], show up often more strongly in Lagrangian
measurements suggesting an equivalence between these
two frameworks. This equivalence is borne out through
bridge relations which relate the celebrated scaling ex-
ponents of velocity structure functions evaluated in one
framework to the other [3–5].
Much more recently, an important development came
by way of using Lagrangian probes to measure, and un-
derstand, time-irreversibility in turbulent flows: the ki-
netic energy of fluid particles was found to fluctuate with
a marked temporal asymmetry—flight-crash events—of
gradual energy gains interspersed with sudden, rapid
losses [6–9]. From an Eulerian perspective, the irre-
versibility of turbulent flows follows directly from the fact
that such flows, or solutions to the equations which model
such flows, are dissipative. The more striking aspect of
this work [6] is how the irreversibility of the flow mani-
fests itself in a Lagrangian framework, giving rise to the
notion of Lagrangian irreversibility.
In this paper, we revisit the flight-crash phenomenon
and critically examine if this Lagrangian measure of ir-
reversibility is related in any way to extreme, small-scale
fluctuations, or intermittency, of the Eulerian dissipa-
tion field. Indeed, it is tempting to associate the en-
ergy crashes of a fluid particle with its passage through
the sheet-like intense dissipation zones that proliferate
fully-developed, intermittent turbulence (cf. Fig. 1(a)).
Contrary to this expectation, we show, by using suitable
tools, that the strongest flight-crashes, which lead to a
finite measure of irreversibility, come from regions of the
flow which are quiescent. Moreover, regions of extreme
dissipation are shown to produce an effect at odds with
the notion of irreversibility borne out of flight-crashes.
We substantiate the association, or lack thereof, be-
tween small-scale intense dissipative regions and irre-
versibility by performing additional calculations on a
system—the decimated Navier-Stokes equation [10, 11]—
which mimics statistically, homogeneous isotropic tur-
bulence sans intermittency [12–15]. We find that
even in the limiting case of non-intermittent turbu-
lence, Lagrangian irreversibility, as measured through
flight-crashes, persists. We therefore show, via a
careful measurement and analysis of data from both
three-dimensional intermittent and decimated non-
intermittent turbulence, that Lagrangian irreversibility is
not rooted in the intermittency of the flow, and that their
relationship is neither intuitive, nor straightforward.
Our investigations are based, in part, on the
three-dimensional (3D) incompressible Navier-Stokes
equations, solved numerically on a 2pi-periodic cu-
bic box, through a standard pseudo-spectral method
with a second-order Adams-Bashforth scheme for time-
marching, to yield the fluid velocity field u. We use N =
5123 collocation points and a constant energy-injection
scheme to drive our system to a statistically steady
state characterised by a Taylor-scale Reynolds number
Reλ = 110. Once our flow reaches this steady state, we
seed, randomly, the flow with 105 Lagrangian (tracer)
non-interacting particles. The dynamics in phase-space
of each of these Lagrangian particles is determined by
their position and velocity vp = u(xp), where u(xp) is
the fluid velocity at the particle position xp. Given that
we solve for the Eulerian fluid velocity on a regular cubic
grid and that typically particle positions are off-grid, we
resort to a tri-linear interpolation scheme to obtain u at
the particle position xp.
We also look at Lagrangian dynamics in a different
class of turbulent flows which are obtained as solutions
v of the incompressible decimated Navier-Stokes equa-
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2FIG. 1. Contours of intense Eulerian energy dissipation (ε = 6ε¯ in blue and ε = 4ε¯, in yellow) from snaphots of (a) the full 3D
flow and (b) a homogeneously decimated field (α = 0.1). Fractal decimation results in a similar calming of the ε field.
tion (NSE) [10]. The decimated Navier-Stokes equation
is obtained, trivially, from the 3D equation by using a
generalised Galerkin-projector P:
v(x, t) = P u(x, t) =
∑
k
eik·x γkuˆ(k, t). (1)
The parameters
γk =
{
1 with probability hk
0 with probability 1− hk , k ≡ |k|
(2)
allow us to eliminate a random—but frozen in time—
subset of Fourier modes leading to the evolution of the
decimated velocity field, via
∂tv = P[−∇p− (v · ∇v)] + ν∇2v + F . (3)
This surgical removal of a pre-chosen set of Fourier
modes, at all times, by using the generalised Galerkin
projector not only on the quadratic term but also on the
initial conditions and the forcing F, leads to the evolu-
tion of the decimated velocity field on a fractured Fourier
lattice. The nature of the fracturing of the Fourier lat-
tice depends on the way in which hk is chosen. One
possibility is hk ∝ (k/k0)D−d, with 0 < D ≤ d (where
k0, a reference wavenumber, is conveniently set to 1),
which leads to a fractal Fourier grid with a bias towards
the removal of Fourier modes with larger values of k.
Such an approach [10]—fractal decimation—has the ad-
vantage of allowing an easy interpretation of the result-
ing dynamics in terms of a dimension D, corresponding
to the fractal dimension of the Fourier lattice (embedded
in a d-dimensional space), in a way different from ear-
lier methods [16, 17]. Therefore, it allows us to obtain
equilibrium solutions [18], and has lead to several studies
at the interface of turbulence and equilibrium statistical
physics [19–24]. An alternative, unbiased protocol that
avoids the preferential removal of small-scales is homoge-
neous decimation [14, 15], hk = 1−α (0 ≤ α ≤ 1), which
ensures that the probability of removal of a Fourier mode
is independent of k. In this study, we use both fractally
and homogeneously decimated turbulent velocity fields,
along with the non-decimated, fully three-dimensional
turbulent flow. Lagrangian trajectories are tracked in
the decimated flow field [14] in ways exactly similar to
that in the full three-dimensional flow, with vp = v(xp).
Following these Lagrangian trajectories, we measure
the evolution of the kinetic energy E and calculate the
power p = dEdt , whose fluctuations bear the imprint of La-
grangian irreversibility. As shown in the pioneering work
of Xu, et al. [6]—later extended by Bhatnagar, et al. [8]—
the distribution of p for time-irreversible trajectories is
negatively skewed, indicative of relatively rapid energy
losses. Consequently, the third moment of the fluctu-
ations of p provides a natural measure of Lagrangian
irreversibility (and a breakdown of detailed balance),
applicable to particle trajectories in both fully three-
dimensional and decimated turbulent flows.
We now turn to the key question motivating our study:
Is there a direct causal connection of intense, inter-
mittent, Eulerian dissipative structures to flight-crashes
and, hence, Lagrangian irreversibility? In Fig. 1(a),
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FIG. 2. Probability distribution function (pdf) of the energy
dissipation rate in the (a) homogeneously and (b) fractally
decimated Navier-Stokes equation for different values of α and
D, as well as for the 3D flow (α = 0; D = 3). The tails of the
pdf change from an approximately log-normal to exponential
distributions as the flow becomes more and more decimated.
we show a snapshot, from our 3D simulations, of con-
tours of intense Eulerian dissipation ε = 2νSijSij , where
Sij = (∇u+∇uT)/2 [2]. Clearly, the regions of extreme
dissipation, though inhomogeneously distributed and in-
termittent, are not rare. Hence, a typical Lagrangian
trajectory would encounter such regions with a finite fre-
quency, suggesting the plausible scenario of extreme dissi-
pation zones serving as sinks in which tracers loose energy
rapidly. If true, this would imply that flight-crashes, as a
signature for Lagrangian irreversibility, must be pegged
to the statistics of the extreme, intermittent events un-
derlying Eulerian dissipation in 3D turbulence. In test-
ing this conjecture, a decimated turbulent flow field is
invaluable. This is because, as shown in Fig. 1(b) (for
α = 0.1), the dissipation field for decimated turbulence
is much more uniform with fewer extreme events. Indeed
the probability distribution function (pdf) of ε, which is
empirically known to be log-normal for 3D turbulence,
shows an increasingly exponential behaviour with the re-
duction of the effective degrees of freedom through deci-
mation, as shown in Fig. 2.
We begin our investigation by examining how the dis-
tribution of the power p is affected by the loss of intense
dissipation zones, brought about by decimation. In Fig. 3
we show plots of the pdf of p (with the negative tails re-
flected and shown as dashed lines, for easier comparison
with the positive tails) for both non-decimated and dec-
imated turbulence. It is visually clear that this distribu-
tion remains negatively skewed—energy gains are more
gradual than energy losses—even in decimated flows, de-
spite the suppression of extreme Eulerian dissipative re-
gions. The tails of the distribution do become increas-
ingly exponential, however, mirroring the transition in
the shape of the pdf of ε seen in Fig. 2.
These results suggest that flight-crashes, and La-
grangian irreversibility, may be insensitive to the inter-
mittent nature of turbulent flows. For a more in-depth
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FIG. 3. Pdfs of p/ε¯, for homogeneously and (inset) fractally
decimated NSE, along with those for 3D flows. The negative
tails, shown by broken lines, are reflected to illustrate the
negative skewness of these distributions.
understanding, it is important to clearly identify and dis-
tinguish the contributions to the pdf of p, arising from
trajectories passing through regions of intense dissipa-
tion, on the one hand, and mild dissipation on the other.
This is especially convenient for us because our constant
energy injection scheme allows an unambiguous measure
of the mean dissipation ε¯, and hence the conditioning
of statistics on local fluctuations around this mean. Fo-
cusing on the non-decimated three-dimensional flow, we
now calculate the conditioned pdfs of p for trajectories
in intense and mild dissipation zones. In practice, we
identify these regions based on on whether the local dis-
sipation ε ≥ 6ε¯ (intense zones) or ε ≤ ε¯ (mild zones);
the results that follow are qualitatively insensitive to the
precise values of the thresholds.
In Fig. 4(a), we show plots, from our non-decimated
3D simulations, of the pdf of p from the full trajectory
(blue), as well as from portions of the trajectory that tra-
verse intense (red) and mild (green) zones. Surprisingly,
we see that particles gain energy faster than they loose
them—the opposite of flight-crashes—in regions of in-
tense dissipation, because of a take-off mechanism which
we describe below. In contrast, and to ensure the over-
all irreversibility of a trajectory, the flight-crash effect is
more accentuated in regions of mild dissipation.
To understand this mechanism of take-off, we return to
the incompressible (unit-density) 3D Navier-Stokes equa-
tion, from where it is trivial to show that
p = −ε− u · ∇P + ν∇ · [u · (∇u+∇uT)]+ f · u. (4)
It is known that the leading contribution to the power
comes from the the mechanical work done by pressure
gradients [25]. In regions of intense dissipation, where ε is
locally large, we thus have p ≈ −ε−u·∇P . Therefore, the
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FIG. 4. (a) Pdfs of p/ε¯ in a 3D flow (in blue) as well as those
conditioned on whether the trajectory is confined to regions
of intense (red) or mild (green) dissipation with the negative
tails reflected and shown by broken lines. A comparison of
the positive and negative tails suggests a positive skewness
of power—take-off events—when the trajectories sample re-
gions of intense dissipation (red) as opposed to a negative
skewness—flight-crashes—when tracers are in calmer regions.
(b) The pdf of −u · ∇P/ρε¯ as well as (inset) the alignment
of u and ∇P , conditioned like in panel (a), to show the pref-
erential alignment of the velocity vector with the negative
pressure gradient in intense regions of the flow.
positive skewness of p in these regions, seen in Fig. 4(a),
can only be due to u · (−∇P ) being large and preferen-
tially positive. Evidence for this is shown in Fig. 4(b),
which presents conditioned pdfs of −u · ∇P . We see
that the probability of encountering large positive values
of −u · ∇P is indeed much higher in intense dissipation
zones (red), where the pdf is strongly positively-skewed.
In contrast, the pdf shows a slight negative skewness in
mild dissipation zones (green), while it is nearly symmet-
ric when measured over the entire flow domain (blue).
To understand why −u · ∇P is positively-skewed in
intense dissipation zones, it is important to realize that
positive values of −u · ∇P arise when u is aligned with
−∇P . This is most likely to occur when viscous forces
dominate over inertial effects and balance the pressure
gradient. In strongly turbulent flows, this situation is
improbable except in regions where the local viscous dis-
sipation is large. In the inset of Fig. 4(b), we present con-
ditioned pdfs of the cosine of the angle between u and
−∇P , which confirm that u is indeed strongly aligned
with −∇P in zones of intense dissipation (red).
Lagrangian fluid particles (tracers) which encounter
these intense dissipation regions are, thus, likely to re-
ceive a strong boost of energy from the positive mechan-
ical work done by the local pressure gradient. This me-
chanical work overcomes the local energy loss due to Eu-
lerian dissipation, resulting in take-off events that give
rise to the positively skewed distribution of p observed in
intense dissipation zones (Fig. 4(a)).
To quantify these effects, we use the third moment of
the pdf of p as a measure of the Lagrangian irreversibil-
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FIG. 5. Irreversibility Ir as a function of the degree of dec-
imation. For the three-dimensional flow, we show the total
irreversibility (Ir > 0, blue square), as well as that obtained
by conditioning statistics on only intense (Ir < 0, red circle)
or mild (Ir > 0, green diamond) dissipative regions of the flow.
The results for the decimated flows are combined by plotting
Ir as a function of the percentage of modes decimated [14].
ity, and define Ir ≡ − 〈p3〉〈p2〉3/2 [8]. In Fig. 5, we present
Ir calculated for all trajectories in our 3D simulations,
along with the values obtained after conditioning on tra-
jectories in zones of intense and mild dissipation. A non-
zero and positive value of Ir, indicative of flight-crashes,
is obtained for mild dissipation zones (green diamond).
In stark contrast, Ir is seen to be strongly negative in
intense dissipation zones (red circle), due to the effect
of pressure-gradient driven take-off events. The overall
value of Ir is positive (blue square), as the statistics are
dominated by mild-dissipation regions which occupy the
majority of the flow domain. Thus, the flight-crash be-
havior of tracers in turbulent flows occurs, not because
of the intermittent nature of Eulerian dissipation, but in
spite of it.
Figure 5 also presents the value of Ir for various lev-
els of homogeneous (gray filled circles) and fractal (gray
filled triangles) decimation. Despite an initial decrease,
the value of Ir is seen to saturate quickly to a positive
value which remains relatively unchanged with increasing
decimation. This preservation of the flight-crash signa-
ture in decimated flows cannot be explained in terms of
a reduction in take-off events, despite the loss of intense
dissipation zones (Fig. 3), because Eq. (4) is not valid in
decimated turbulence (due to the projector P in Eq. (3)).
These results, therefore, are not a mere reflection of our
findings in non-decimated 3D turbulence, but rather sug-
gest a more general independence of the irreversible na-
5ture of Lagrangian trajectories from the intermittency of
the carrier flow.
Turbulent flows are driven-dissipative non-equilibrium
systems. Therefore its irreversibility—unlike intermit-
tency which is an emergent phenomenon—is not sur-
prising, whether it be in the Eulerian or Lagrangian
frameworks, decimated or not. In this work, we uncover
the underlying correlation between the Eulerian and La-
grangian measures of irreversibility, i.e., between the Eu-
lerian dissipation field and Lagrangian power-statistics.
In particular, we show that regions of intense dissipation
are not the places where tracers undergo rapid energy
losses. On the contrary, pressure gradient driven take-
offs result in an inversion of the power statistics in in-
tense dissipation zones; nonetheless, an overall negative
skewness is maintained by the majority of tracers, which
experience strong flight-crashes in regions of mild dissi-
pation.
Our work also shows how a suppression of a small frac-
tion of triadic interactions leads to exponential statistics
of the pdf of energy dissipation rates instead of the famil-
iar log-normal approximation in a 3D flow. We leave for
future work a detailed investigation of the role of triads
in the geometry and statistics of the Eulerian dissipation
field.
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